In the theory of the Earth's normal modes of oscillation it is customary to use Rayleigh's principle in the determination of perturbations in the eigenperiods due to perturbations in the structure of an Earth model. When internal boundaries are perturbed the usual methods have been found to yield incorrect numerical results and this paper is directed towards a correct determination of the perturbations in this case.
Introduction
When the linear inversion scheme of Backus & Gilbert (1967) is used for the inversion of normal mode data it is necessary to known the perturbations in eigenperiods due to arbitrary perturbations in the structure of an Earth model. Similarly in determining the expected splitting of degenerate multiplets when the model is not quite spherically symmetric a perturbation scheme must be employed.
If it is required to invert the data for the radius of the core, or for the radius of other spherical boundaries within the Earth, it is important to be able to calculate the perturbations in eigenperiods due to perturbations of these boundaries. When calculating ellipticity splitting parameters it is necessary to perform similar perturbations, since internal spherical boundaries are deformed into ellipsoids (Dahlen 1968) .
The usual method for calculating these perturbations, based on Rayleigh's principle (Backus & Gilbert 1976) , has been found to give incorrect numerical results (Dziewonski 1976, private communication; Dziewonski & Sailor 1976) and it is the aim of the present paper to give the correct method for their calculation. Wiggins (1968) has adopted a different approach which is not in agreement with the results presented here. Dahlen (1968 Dahlen ( , 1974 Dahlen ( , 1975 has used a method equivalent to that of Backus & Gilbert (1967) and some of his results for ellipticity splitting parameters may be seriously in error. In particular, numerical computations (Dziewonski & Sailor 1976 ) using the corrected formulae here derived show that the ellipticity splitting parameters are quite insensitive to the presence of discontinuities in the upper mantle, in contradiction to the recent results of Dahlen (1975) .
In Section 1 of the present paper the solution of the problem is given in quite general terms and in Section 2 the result is applied to the normal mode problem. The Appendix illustrates the use of the method for a simple one-dimensional eigenvalue problem for which the result may be easily verified.
The general method
Let xi be a set of Cartesian co-ordinates in a region of space V. This region is the union of a number of subregions V, whose boundaries do not intersect. A number of functions pK(xi) are defined in V and are continuous in each of the subregions V, but may be discontinuous across internal boundaries. These functions will be termed ' parameters ' and are analogues of such functions as density, bulk modulus and shear modulus in the normal mode problem. Suppose, in addition, that we have a number of ' fields ' Jlr (analogues of the components of elastic displacement and perturbation in gravitational potential) which may be scalars or components of vectors or tensors. The fields are assumed to be continuous in V and twice differentiable in each of V , , and to satisfy the variational equation
in terms of a given Lagrangian L, which we shall assume to be a homogeneous function of the fields and their derivatives. In equation (I) the fields are subject to small increments 6t,bz which are continuous in V and differentiable in each of the subregions V, but otherwise arbitrary. The notation $z, denotes a$z/axi and L is an eigenvalue whose spectrum is determined by the variational problem (the analogue of o2 where o is the angular frequency).
Equation (1) on all boundaries. In equations (2) and (3) the summation convention has been used, and it will be used throughout. In equation (3) the notation [ 1" denotes the discontinuity of the enclosed quantity across the appropriate boundary and in order to include in (3) the boundary condition on the external boundary of V we define L to be identically zero outside V. The vector n is the unit normal to the boundary of arbitrary sense.
Let us suppose that the parameterspK(xi) are perturbed by an amount 6pK(xi) and that the fields are also perturbed so as to remain solutions of (2) and (3) with the new parameters. Since the Lagrangian is assumed to be an homogeneous function of the fields and their derivatives, the integral in (1) vanishes for both perturbed and unperturbed problems, and moreover the perturbation in this integral due to the perturbation in the fields alone is zero (to first order). We are left with the perturbation in the integral due to the perturbation in the parameters and the eigenvalue and we may write:
from which the perturbation in the eigenvalue 61 may be calculated when the exact solutions t,kI for the unperturbed problem are known. This is simply Rayleigh's principle expressed in our present notation. Now let us suppose that we wish to find the change in 1 when the external and internal boundaries are perturbed. It has been assumed in previous work that Rayleigh's principle applied directly, and if this were the case we should obtain:
where S(M) is the surface bounding the region V, , n is the outward unit normal to SM) and 6h is the displacement vector of the appropriate boundary at each point. Since 6h is defined only up to an arbitrary additive term parallel to the boundary we should expect the result to depend only upon the normal displacement; we see that this is indeed the case. The above equation may be rewritten:
where 6h is the normal displacement of the boundary, S is the union of external and internal boundaries and the positive contribution to the discontinuity is from that side of S corresponding to 6h positive. As in equation (3) the contribution from the external boundary is included by defining L to be zero outside V.
Results equivalent to (5x) have been used (Backus & Gilbert 1967; Dahlen 1968 ) to calculate 61 due to perturbations 6h but it is this equation which has been found to be in error. In order to obtain the correct result we shall adopt a different approach. First let us define a transformation of co-ordinates, close to the identity transformation, 5, = 5j(xJ, which transforms the old boundaries into the new, but which is defined for all x i in V. Now let us rewrite the variational equation ( The region V in (6) is that region in tj space into which V is mapped by the transformation. Equation (6) may be rewritten:
where we have defined a new Lagrangian, U $ r , $ r , j , F K , q i j , J , A) = J W P r , q i j $ r , j , FK, 2).
(8) Now $1 are exact solutions of (7) with eigenvalue identical with that of equation (1).
Further, the quantities qi,, J (assumed known functions of t,) enter into (7) as extra 'parameters'. We shall now perturb the parameters FK, qi,, J in such a way that the Lagrangian L takes the same form as a function of ti, $ 1 , $, , , as the original Lagrangian took as a function of xi, + I , $1, , . The corresponding change in the eigenvalue may be calculated by an application of Rayleigh's principle, as expressed in equation (4), provided that we include the contributions arising from the perturbations in the extra parameters, qi,, J. If the fields $, are also perturbed they will become solutions of the original problem, now posed in c, space, but with perturbed boundaries, and hence the increment 61 due to the perturbation will be that due to the perturbation of the boundaries, which we are seeking. Rayleigh's principle, however, allows us to calculate 61 without taking into account the perturbations in the fields.
Noting that E($r, $ r , p ~A t j ) ,
and comparing with (7), we find that the necessary perturbations in the parameters are
Since the transformation of co-ordinates is -close to the identity transformation we shall write and neglect, in later equations, terms of order (Sx)'. The perturbations in the parameters may now be written, to first order,
where L in (14) and the derivatives of L in (12), (13) are understood to be evaluated with the same arguments as appear on the right-hand side of equation (8). In order to obtain the first-order perturbation 61 we may now abandon the distinction between x, and t i and substitute from (lo), (12), (13), (14) into (11):
A re-arrangement of derivatives gives:
where we have used the Euler-Lagrange equations (2). Applying the divergence theorem to equation (1 5 ) we find aL aL
where S is the union of external and internal boundaries, n is the unit normal to S, with arbitrary sense, and the positive contribution to the discontinuity is from that side of S towards which n is directed. The integrand of (16) may be rewritten: where the notation is the same as that of (5x). This is the correct formula for the calculation of61 due to a perturbation in the boundaries. It is to be noted that, as expected, the result depends only upon the normal displacement of the boundary. If the second term of the integrand were absent results (18) and (5x) would agree, and for a perturbation of the external boundary alone equations (5x) and (18) give the same result since the second term vanishes.
In a problem with only one spatial dimension results (5x) and (18) differ in that in (5x) 61 is proportional to the discontinuity in the Lagrangian, whereas in (18) it is proportional to the discontinuity in -H where H is the Hamiltonian. The use of (18) in a simple problem of this kind is discussed in the Appendix.
The Earth's normal modes
In discussing the perturbations in the Earth's eigenfrequencies due to the perturbation of internal boundaries we shall use the notation of Backus & Gilbert (1967) and their paper will be referred to as BG. The Lagrangian of BG may be written: a +psi s, a, a, 4 0 +pa, &(s, a, s,- is 
(22)
where A, are the components of the strain deviator tensor:
In the context of the discussion of Section 1 p, K, p, 8, 40, a,a, eo are ' parameters ', sit are ' fields ' and o' is an eigenvalue. The region V of Section 1 is the whole of space, but we define K = p = p = 0 outside the sphere representing the Earth's surface so that most terms in (19) are, in fact, integrated only over the interior of this sphere.
Introducing spherical polar co-ordinates r, 8, L centred on the centre of a spherically symmetric Earth model, we assume that p , K, p, r$o are functions of r alone. Let us suppose that the model has discontinuities in p, K, p on the spherical surface r = b, and that we wish to find the perturbation in the angular frequency, w, when this surface is displaced to become r = b+Sb. It is required that p(r), K(r), p(r) retain their former values, except for the shift in the discontinuity, and are defined in the neighbourhood of the discontinuity so as to be continuous on each side. Since the density in the region b < r < b+Sb is changed, however, 4o will be perturbed. In this respect the normal mode problem is a little more complicated than the problem of Section 1 since a perturbation of the internal boundary entails a perturbation in the parameters a, q50, a,a, 40. This may be accounted for, however, by a further application of Rayleigh's principle, as in BG.
We shall therefore write So' as the sum of two parts:
where Sw,' denotes the increment due to the perturbation in the boundary and 60, ' is that due to the perturbation in 40. From equation (18) we may now write:
where Sb is the spherical surface of radius b, centred at the origin. The first two terms of this expression are those calculated in BG and we shall briefly outline the method of calculation.
Since in the derivation of (19) it is assumed that the equilibrium stress in the Earth is hydrostatic V& is everywhere parallel to Vp and at boundaries where p is discontinuous V+o, Vp are normal to the boundary. K, p, p, do depend only upon r, and that 4,, where S is defined by:
Using the fact that
r Equation (27) gives the first term on the right-hand side of (24). The second term may be evaluated from (25). We find On combining (27) and (29) to obtain the first two terms of (24) we obtain a result identical with that of BG. We now consider the evaluation of the third term. The result is now in a form directly comparable with equation (52) of BG, and differs from it significantly.
In the above derivation we have assumed 66 to be independent of 8, A. Equation (32), however, is equally valid when 6b depends upon the angular co-ordinates and can therefore be used in calculating the perturbations in eigenfrequencies due to ellipticity. In this case we may write In (35) dop' represents that part of 60' due to perturbations in p, p, K whose level surfaces are deformed into ellipsoids (Dahlen 1968) . 60, ' represents that part due to the perturbation of the gravitational potential &, and 6wBZ is due to the perturbation in the boundaries. The first two terms may be calculated by the methods of Dahlen (1968) and the third by equation (32) with 6b now a function of 8.
Conclusions
It has been pointed out above that certain calculations regarding the location of discontinuities within the Earth are in error. This does not mean, of course, that there are gross errors in the locations of discontinuities in the accepted Earth models, since it is always possible to check, by direct calculation, how well the final model fits the data used to derive it. It may mean, however, that we have a false idea of the power of the data to resolve the question of the location of the discontinuities. When the algorithms are corrected we should find that resolution is improved.
It has been pointed out (Gilbert 1976, private communication) that at a fluidsolid boundary, and at the Earth's surface, results (34) and BG(52) give the same numerical results for torroidal modes and differ by small amounts for spheroidal modes whose potential energy is predominantly in shear. This explains why the coremantle boundary seems to be well constrained by the data. Since modes penetrating the Earth's inner core do not fall into these categories, it may also explain why the inner core radius has appeared to be poorly constrained, and it is hoped that application of (34) will give a more accurate estimate of the inner core radius.
Similarly, the contributions to ellipticity splitting parameters from fluid-solid boundaries will be given quite accurately by Dahlen's (1968 Dahlen's ( , 1974 ) formulae for torroidal modes and for shear dominated spheroidal modes, but may be seriously in error for modes whose potential energy is predominantly in compression. For solidsolid boundaries, such as discontinuities in the Earth's mantle, large errors are to be expected for all modes and this explains why Dahlen's formulae give quite different results (Dahlen 1975) for Earth models 1066A (with a continuous mantle structure) and 1066B (with mantle discontinuities) of Gilbert & Dziewonski (1975) . Numerical computations by Dziewonski & Sailor (1976) , using the results of the present paper, show that the splitting parameters for these two models and for the parametric Earth model (PEM) of Dziewonski, Hales & Lapwood (1975) are practically identical.
